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We define the algebra G{A) of Colombeau generalized functions on a subset 
A of the space of generalized points M'^. If ^ is an open subset of M'^, such 
generalized functions can be identified with pointwise maps from A into the ring 
of generalized numbers C. We study analyticity in G{A), where A is an open 
subset of C. In particular, if the domain is an open ball for the sharp norm on 
C, we characterize analyticity and give a unicity theorem involving the values 
at generalized points. 
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cN : 1 Introduction 

in 

From the very beginning of the theory of nonlinear generalized functions, holomor- 
phic generalized functions have been studied [H 0, E]- More recently, analyticity of 
OO , pointwise maps A (1 C ^ C {A open) has been considered [H [H] in relation with 

holomorphic generalized functions on an open domain C C (which can be consid- 
ered as pointwise maps on the set flc of so-called compactly supported generalized 
^ I points in f2 §1.2.4]). Recently, a theory of integration of generalized functions on 

■ generalized subsets (called membranes) has been developed and a generalized Cauchy 

formula has been proved [3]. Very soon in the development of the theory, also some 
striking differences with the classical theory have been noticed. For instance, neither 
the values of the derivatives of any order of a generalized holomorphic function / at 
one point, nor an accumulation point of values of / determine / uniquely [51 §8.7]. 
Nevertheless, strong unicity theorems for holomorphic generalized functions have been 
obtained in [9]. 

We define the algebra Q{A) of generalized functions on a subset A C M'^ in such a 
way that the traditional Colombeau algebra Q{Q) on an open subset C R"' co- 
incides with Q{Qc) (Corollary 13.101) . and the pointwise actions as a map Qc ^ 'C 
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are identical (proposition I3.6p . After establishing some properties of Q{A) that ex- 
tend known results about the traditional Colombeau algebras, such as an analogue of 
the sheaf property (propostion I3.13P and a pointwise invertibility criterium (propo- 
sition 13.191 and its corollary), we focus our attention to analyticity in G{A), where 
A C C is open. We use a result on complex integration over generalized paths similar 
to [3| (proposition I4.12p . though our definition of generalized path is slightly differ- 
ent (definition 14.50 . For generalized holomorphic functions on a domain of the form 
{5 G C : \z — Zo\^ < r}, with Zq & C, r ^ IR+ (an open ball for the sharp norm \.\^ on 
C), the unicity theorem that is lacking for traditional generalized functions on open 
domains in C holds (proposition 14.241) . The phenomenon for traditional holomorphic 
generalized functions on an open domain Q in C can thus be interpreted as a result 
of the fact that the largest part of Qc lies on the 'boundary of the convergence disc'. 
We further characterize analyticity in an open ball for the sharp norm in four different 
ways (theorem 14.200 . Generalized domains are also a natural setting to obtain an 
analogue of Liouville's theorem (proposition 14. 14"!) . Apart from developing a tool for 
modeling singular nonlinear phenomena, our motivation for considering (in particular 
holomorphic) generalized functions on generalized domains is also to obtain a spectral 
radius formula in the theory of Banach C-algebras [13] . 

2 Preliminaries 

Let E he a. locally convex vector space over C with its topology generated by a family 
of seminorms {pi)iei- Then the Colombeau space Qe '■= -MeI-^e [7], where 

Me = {{ue)e e : (Vi G /)(3A^ G f^){pi{ue) < e~^, for small e)} 

A/b = {{ue)e e : (Vi G /)(Vm G N){pi{u,) < e"", for small e)}. 

Elements of A4e are called moderate, elements of JVe negligible. The element of Qe 
with {us)s as a representative is denoted by [(«£)£]. If f2 C R"' is open and C°°{Q) 
is provided with its usual locally convex topology, i.e., generated by the seminorms 
Pm,K{u) := sup|„|<^.j.g^ |9°m(x)| (m G N, K CC fi), then Q{Vt) := Qc^(^n) is the 
so-called (special) algebra of Colombeau generalized functions (cf. [|8^ §1-2]). M := 
and C := Qc are the so-called Colombeau generalized numbers. We will denote p : = 

For {xe)e G (M'^)'^°'^\ the valuation ^{xs) ■= sup{6 G M : \xe\ < for small e} and the 
so-called sharp norm \xe\^ ■= e"^*^^''^. For x = [(xe)^] G W^, v(x) := v^x^) G (—00,00] 
and |a;|g := \xe\^ G [0, +00) are defined independent of the representative of x. Thus M'^ 
becomes a metric space for the ultrametric d{xi,X2) ■= \xi — X2\g- The corresponding 
topology is called the sharp topology on M*^ |H El [12] ■ Similarly, the sharp topology 
on C is defined. For x = [(xe)e] G Mf^, we will denote := [(|xe|)e] G M (and similarly 
for z G C)^ 

Let As C R'^, V£ G (0, 1). Then the set 

[(A^)^] := {x G M'^ : (3 repres. (Xe)^ of x){xe G A^, for small e)} 

is called the internal subset of Mf^ with representative {A^),, [TOJ (and similarly for 
subsets of C). For A C we denote A := [{A)^]. 
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A subset A of M*^ is called sharply bounded if sup^g^ \x\^ < +00. An internal set A 
is sharply bounded iff A has a sharply bounded representative, i.e., a representative 
[(Ae)^] for which there exists M G N such that sup^g^^ < for small e jTOj 

Lemma 2.4]. 

If C M"' is open, then flc '■= {Jkccu^ — compactly supported 

points in Q. For u = [{ue)£] G and x = [(xe)^] G flc, the generalized point value 
u{x) := [{us{xs))e] is well-defined (independent of representatives of u and x) [8], §1.2]. 
We refer to [8] for further properties of Colombeau generalized functions. 

3 The Colombeau algebra on a subset of 

Definition 3.1. Let (/) A C R'^. We define g{A) = SMiA)/Af{A), where 

Sm{A)={{u,)s G C°°(M'^)(°'1) : (V« G N'^)(V[(x,),] G A) {{d^u,{x,)), G ^c)}, 

Ar(A) = {{u,), G C-(M'^)(0'i) ^ G N'^)(V[(x,),] G A) G ATc)}. 

(Here '^[{xs)e] ^ ^ means: for each representative {xs)e of an element of A.) 

Since is a differential algebra (for the e-wise operations) and J^{A) is a differ- 

ential ideal of £m{A), g{A) is a differential algebra. 

Definition 3.2. Let (1} ^ A C B C M.'^. Then the identity map on representatives gives 
rise to a well-defined map .|^.' g{B) — g{A) which we call the restriction map. 

Lemma 3.3. Let {An)ne'M be a decreasing sequence of non-empty, internal, sharply 
bounded subsets ofM.'^. Let {ui;)e&{o,i) be a net of maps M.'^ C. Then for any sharply 
bounded representatives {An,e)e of An, 

iue{x,))e G McMi^e)e] G Q ^ (SA^ G N) ( sup |m^(x)| < e'^ , for Small e) . 

Proof. By [IHl Prop. 2.9], for each m G N, there exists rjm G (0,1) such that 
for each e < r]^ and x G Am,e, d{x,Ak^^) < e*", for each k < m. W.l.o.g., {rjm)mm 
decreasingly tends to 0. By contraposition, let 

(Vn G N)(Vr/ G (0, 1))(3£ < 77)( sup \ue{x)\ > e"") . 

Then we can find a strictly decreasing sequence (£„)„gN and x^^ G An^e^ + such 
that En < Vn and \ue„{xsj\ > e~'', Wn G N. Choose Xe G Am,e, if Vm+i < s < Vm and 
e ^ {Sn : n e N}. Then for each G N, {d{xs, A^,^))^ G ATr. By [lOj, x := [(xj^] G 
flneN^n ((^e)^ moderate, since (A„,£)e are sharply bounded). Yet {us{xe))e ^ -Mc- 
let [(xe)e] G f]n(,^An. Let A^ G N as in the statement. By [ID], ((i(xe, A„,e))e G 
A/r for each n G N. In particular, x^ G A7v,e + £^ for small £. Hence [^(.(Xe)! < 
^'^PxgAn ^+e^ |Me(x)| < foT Small e. □ 
Proposition 3.4. Let {An)n(^N be a decreasing sequence of non-empty, internal, sharply 
bounded subsets o/R'^. Then for any sharply bounded representatives {An^e)e of An, 

£M{f]An) = {iu,% G C°°(R'^)(°'i) : (Va G N'')i3N G N) 

( sup \d°Ue{x)\ <e-^, for small e)}. 
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Proof. By lemma 13. 31 □ 

Corollary 3.5. Let (/) A C M.'^ be internal and sharply bounded. Then for each 
sharply bounded representative {As)^ of A, 

S^^{A) = {{u,)e e C°°(R'^)(°'i) : (Va G N'^){3N e N) 

( sup \d°'Us{x)\ < , forsmalle)^. 

Proposition 3.6. Lei ^ A C R'^. Let u = [{ue)s] e g{A). 

1. For X = [{xs)e] G A, u{x) = [{u£{xs))e] E C is well-defined (independent of 
representatives) . 

2. If X E A° and u{y) = 0, for each y in a sharp neighbourhood of x, then d°'u{x) = 
0, Va G 

3. If A is open, then u = iff u{x) = 0, Vx G A. 

Proof. (1) To prove independence of the representative of x, let x = [{xe)e] = [{ye)e]- 
By corollary I3.5[ since {x} is internal and sharply bounded, there exists G N 
such that sup|3,_3,^|<£]v |VMe(x)| < , for small e. Hence there exist y'^ G M.'^ with 

IVe ~ < IVe — Xe\ SUch that 

\Ueiye) - Ue{Xe)\ < - Xe\ IVu^iy'^)] < ly^ - Xe\ , 

for small e. 

(2) Let N E N such that y E A and u{y) = 0, for each y E M. with |y — a;| < . Let 
X = [(a;^)^]. By contraposition, (sup|^_^^|<£iv |ue(a;)|)e G Ac- Since (ue)^ G £m{A), we 
find as in part 1 for each a G N"^ some N eN such that sup|^_3,^|<jiv |9"'Ue(x)| < e^^ , 
for small e. The statement follows analogously to [H Thm. 1.2.3]. 

(3) C: clear. 

3: let a eN'^ and x E A. By part 2, d°'u{x) = 0. By part 1, {d"Ue{xe))e G A/'c for 
any representative [(xe)^] of x. □ 

Proposition 3.7. Let ^ ^ A E be internal and sharply bounded. Then for each 
sharply bounded representative {Ai;)^ of A, 

^/{A) = {{u,), E C°°(M'^)(°'^) : (Va G N'^)(Vm G N) 

(3iV G N)( sup < e™, /or small e)} 

= (K), G ^m(^) : (Va G N'^)(( sup ), G A/r)}- 

xGAe 

Proof. (1)C(2): by contraposition (as in proposition 13. 4p . 

(2) C(3): clear by corollary 13.51 

(3) C(1): let a G N"' and x E A. Then x = [(ae)^], with G for small e. By 
hypothesis, (9"Ue(ae))e G A/'c. By proposition 13.6( 1). d°'u{x) = and {d°'Us{xe))e G 
A/'c for any representative [(xe)^] of x. □ 
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Lemma 3.8. Let ^ ^ B\ C M'^, for each A G A (where A is some index set). Then 
SniUxeABx) = PixeA^MiBx) and Af {[j B ,) = f],^^AfiB,). 

Proof. By definition. □ 

Corollary 3.9. Let A = Uaea^a ^ R<^, where each Bx is nonempty, internal and 
sharply bounded. Let {Bx,e)e be a sharply bounded representative of Bx, for each A. 
Then 

Sj,,j(A) = {(n,), G C^iR'^Y"^'^ : (Va G N'^)(VA G A) 

(3A^gN)( sup \d"u,{x)\ <e-^, for small e)}. 

Ar(A)={(n,), GfM(A):(VaGN^)(VAGA)(( sup \d"u,{x)\) ^ e M^)] . 

Proof. Combine the previous lemma with corollary 13.51 and proposition 13.71 □ 
Corollary 3.10. Let Vt be an open subset ofW^. Then = Q{Vlc)- 

Proof. Since Qc = Uo^i^ccn-^' since elements of ^(^2) have representatives in 
^oo^]^d^(o,i) ij^y ^ cut-off procedure), this follows by corollary 13. 9[ □ 

Similarly, since R'^ = UneNi-^ G R'' : \x\ < p^"}, ^(R'^) coincides with the definition 
of ^(R"^) given in [14] . 

Another approach to generalized functions on subsets of R'^ could use nets of functions 
defined on subsets of R'^ only. The following lemma relates such an approach to our 
definitions. 

Lemma 3.11. For each e G (0,1), let Vie ^ be open. Let Ara.e = {x G R"^ : 
R'^ \ fie) > £:™}, for each m and e G (0, 1). Let Ue G C°°(fie) such that for each 
a G N'^ and m G N, there exists G N such that sup^g^^ _ |2,|<£-m \d^Ue{x)\ < e^'^ , 

for small e. Let A = IJmGN[(^m,e)e] ■ Then there exists a unique u G Q{A) such that 
d"u{x) = [{d'^Us{xe))e], for each x & A, for each representative {xs)e of x and a G N*^. 

Proof For m G N and e G {:^, let Xe e C°°(R'^) with Xe{x) = 1, if x G Am,s and 
Xeix) = 0, if X ^ A„,+i,e- Then Ve := XeUe G C°°(R'^), Ve. Let x e A. Then there 
exists m E N and a representative {xs)e with Xs G Am,e, for each e. Hence for any 
representative (x^)^, x^ G Am+i,e, for small e, and 9°fe(x^) = (9"Me(x^), for small e 
and for a G N'^. Thus u := [{ve)e] e g{A) and d'^u{x) = [(^"^^(x;))^]. Unicity of m 
follows directly from the definition of J^{A) . □ 

Under the conditions of the previous lemma, we will (loosely) say that [(M£)e] G g{A). 

Lemma 3.12. Let A (1 be internal and sharply bounded and let B C be an 
internal sharp neighbourhood of A. Then: 

1. There exists m G N such that for each a E A, B{a,p"^) = {x G R'^ : |x — a| < 
p™} C B. 

2. Given a sharply bounded representative [A^)^ of A, we can find a representative 
(B,), of B such that A, + C B,, \/e. 
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Proof. (1) Let A = [{A,),] and B = [iBe)e]. W.l.o.g., A and (A^), is a sharply 
bounded representative. Suppose that for each n E N, there exists a„ = [(an^e)^] G A 
and Xn = [{xn,e)e] E R'^ \ B with |i„ - a„| < p". W.l.o.g., an,e e A„ Ve. By ^ Prop. 
2.1], {d{xn^ei Be))e ^ -A/r, SO for each n E N, there exists fc„ e N such that for each r] G 
(0, 1), there exists e < t] with d{xn,e, B^,) > e^". We can thus find Sn^m ^ (0, l/'m), for 
each n, m G N (by enumerating {en,m)n,mmy we can ensure that all en,m are different) 
and Xn,s„,^ G with d{xn,s„,^, B,„ J > and |x„,e„,™ - < 2£;j ,„, for 

each n,m G N. Let a^^^ '■= an,£„„; for each n, m G N and G A^ arbitrary, if 
£ ^ {£n,m : n,m E N}. Let := a^, if £ ^ {^n.m : fn £ N}, for each G N. As (v4e)£ 
is sharply bounded, d := [(ag)^] G A and |x„ — a| < 2p", for each n G N. Since is a 
neighbourhood of A, Xn E B for large n, a contradiction. 

(2) As {Ae)s is sharply bounded, it follows that [{A^ + e™)^] C B. Since [((A^ + 
e"^) U -Be)e] is the smallest internal set containing [(A^ + e"^)^] and i? p!0| Prop. 2.8], 

5= [((A,+£™)U5,),]. □ 

Recall that the interleaved closure of A C R'^ [TQl Lemma 2.7.] is the set 

m 

interl(y4) := | es^Xj : m G N, {S'l, . . . , Sm} partition of (0, 1), Xj G A}. 

Proposition 3.13 (Generalized sheaf property). 

1. Let Q (1 M.'^ be a union of an increasing sequence (A„)„gN of internal sets with 
An+i a neighbourhood of An, for each n (hence, in particular, VL open). If Un G 
Q{An) and Un+i\An ~ each n G N, then there exists a unique u G Q{^) 
such that u\A„ = Un, for each n G N. 

2. For each m G N, let Vim be a union of an increasing sequence {Am.n)nim of 
internal sets with A^^n+i o neighbourhood of A^^n, for each n. Let Um G Q{Qrn), 
for each m E N such that Mm|n,„nn^/ = ""m'lQ^nQ^, ; foi^ ^'^c/i m, m' G N. Let 
f2 = interl(|J^gj5^ ^m)- Then there exists a unique u G Qi^t) such thatu\^^ = Um, 
for each m G N. 

Proof Let Q and Am,n as in (2). Let Um,n = [{um,n,e)e] G Q{Am,n), for each 
m,^ G N such that Ujnn\A = Wm'n'i/. nzi , for each m, m' n, n' G N. 

It is sufficient to show that there exists a unique u G QiVt) such that u\a^^^ = Um,n, 
for each m,n, G N. Let Am,n = [{Ajn,n,e)e]- Since fi^ = U(^m,n n 5(0, p")), we may 
assume that all Am,n (and hence {Am,n,e)e [13 Lemma 2.4]) are sharply bounded. We 
may also assume that all Am,n,e are closed [TOl Cor. 2.2]. Let m,n G N. By lemma 
13.121 we may assume that there exist km,n ^ N such that Am„n,e + 6^""^" C A^.n+i.e, for 
each m, n, e. 

Let = [(-Bn.e)] with B^^e = Ai^n,e U ■ ■ ■ U An^n,e-, for each n G N and e G (0, 1). Let 
e G C°°(M'^) with ^(x) = 0, if \x\ > 1 and e{x) > 0, for each x G with J^^, ^ = 1 
and let 6r{x) := r~^6{r~^x), for r G M"*". Let xa denote the characteristic function 
of a set A C R''. For each m,n,e, let (pm,n,e = XAm,„+2ABn-i,e *^e'"^-"^ where lm,n = 
maxi<rn,j<n+2ki,j- Then 4>m,n,e{^) = 1' fo^ each X G Am,n+i,£ \ Bn,e and supp0m,n,£ ^ 
^m,n+3,e \Bn-2,e- Further, sup^gRd |5"0m,n,£(a;)| < £:-''"."l"l /jg^ |(9"6'| by the properties 
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of the convolution. Let := Y.m,nm.m<n+i^rn,n,e- Then G C°°(U„gj^5„,,e) and for 
each n, (sup^g^^_^ \d'^(t)e{x)\)e G A^r, since supp (t)m',n',e n 7^ only for n' < n + 2. 

Also (t)e{x) > 1, for each X e Um,„eN,m<n+l(^rn,n+l,£ \^n,e) = UngN (slnCC \ 

= Um<n+l(^m,"+l,e \ Bn,e), foT each n). Let 1pm,n,6 ■= <Pm,n,e/<Pe & C°°(M'^). Then 
J2m,neN,m<n+li^rn,nA^) = ^^1 each X E J^gN ^n,£- ^InCe SUp^g^^^^ l^^/M^)] < ^, ^r 

each n, we find M^^n ^ N such that 



sup |(9"?/'m,„,£(x)| = sup |<9"^m,n,e(a;)| < £ 



for small e. Let := Em,nGN,m<n+i ^^.n.e ■ Mm,n+3,e ^ C°° (U„gpj , for each e. 
Let G N and a G N'^. Then there exists M G N such that 

sup \d°'Ue{x)\ < ^ sup |<9"(V'm,n,£ ■ Mm,n+3,e)(a;)| 

^^-^^.^ m<n+l<Af+3 ""'^-^^'^ 

M 



< ^ sup \d"'{4'm,n,e-Um,n+3,e){x)\ <€~ 



for small e, since supp ipm,n,e ^ ^m,n+3,£, and by corollary I3.5[ As in lemma 13.111 we 
find a unique u G ^(Un-^") with d^u{x) = [(^"^^(xe))^], for each a; G Un-^n ^^"^ 
a G N''. Let x = [{xe)e] e Am,n- W.l.o.g., Xe G Am,„,£, for each e. 

\u^{Xe) - Um,n,s{^e)\ < ^ \i^m' ,n' ,e{^e) \ \Um' ,n'+3A^e) " Um,nA^e)\ G ATr, 

m'<n'+l<max(m,n)+3 

by the coherence property, since supp ipm' ,n' ,e ^ Am',n'+3,e- Hence u{x) = Um,n{x). 
By proposition 13.6( 2). also (9"m(x) = d°'Um,n{x), for each a G N'^, since Um,n{x) = 
Um,n+i{x) and x G (Am,„+i)°. Hence M|a„,„ = Um,n by the definition of Af{Am,n)- 
Finally, let x G interl(|J^gj^ fi^), i-e., x = '^'^LiXjCsj, for some M G N, a partition 
{Si, . . . , Sm} of (0, 1) and Xj G fimj , for some rrij G N. Then there exists n > maxj rrij 
such that Xj G Amj,n ^ -Bn, for each j. Since -B„ is internal, x G interl(i?„) = 

Hence M G ^(interl(|J„gN^"i))- □ 

The following lemma shows that the sheaf property of Q{VL), C R*^ [8l Thm. 1.2.4] 
can be viewed a special case of proposition 13.131 (in view of the fact that every open 
cover of an open i7 C M*^ has a countable subcover). 

Lemma 3.14. Let Vl^ C he open, for A G A and let Vt = [J^^j^^Qx. Then = 
interl(U,eA(^A):). 

Proof. C: let x G flc- There exists K CC Q such that x E K. As A' is compact, 
K C l^xeF^-m, for some finite F C A. Let x = [(xg)^] with x^ G K, for each e. Then 

{3N G N)(3£o G (0, 1))(V£ < £o)(3A G F)(rf(x„ M"^ \ fi^) > 1/A^), 

since otherwise, we can construct a decreasing sequence (£n)nGN tending to such that 
for each n G N and A G F, (i(x£„,M'^ \ Qx) < l/""-- K is compact, a subsequence 
Xe„^ would converge to xq G K. But then xq G M'' \ = M.'^ \Qx, for each A G F, 
contradicting K C IJ^^^fi^^. Hence x G interl(lJ;)^g^(f2A)^r)- 

5: let X G interl(|J^g^(i7A)~); i-^-; ^ — "l^jLi^j^Sp for some M G N, a partition 
{Si, . . . , S'm} of (0, 1) and Xj G Kj, for some A'^ CC fi. Then K := IJjli A'^ CC i7 
and X G A'. □ 
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Lemma 3.15. Let 7^ A C R'^ be internal and sharply bounded, u = [{ue)e] G Q{A). 
Let (Ag)^ be a sharply bounded representative of A. Then u{x) = 0, Wx E A ijf 
(sup^eA, K{x)\)e e AAr. 

Proof. If the conclusion is not true, we find m G N, a decreasing sequence (e„)neN 
tending to and x^^ G A^^ such that \us„{xs„)\ > e^, for each n. Let x^ G arbitrary 
if £ ^ {Sn '■ n G N}. As {Asr)^ is sharply bounded, x := [(xe)^] G A, and u{x) = by 
assumption, contradicting \us„{xs„)\ > e'^, for each n. 

<^=: clear. □ 

Definition 3.16. (of fl^) Let A C M'^. Then g°°{A) = {u e Q{A) : (Vx G A)(3iV G 
N)(Va G N^)(|9"m(x)| < p-^). 

Proposition 3.17. Let 7^ A C &e internal and sharply bounded. Let u = [{u^)^:] G 
Q{A). Let (Ae)^ be a sharply bounded representative of A. Then u G Q'^{A) iff 

G N)(Va G sup < e'^ , for small e). 

Proof. (cf. [m Prop. 5.3]). Supposing the conclusion is not true, we find q;„ G N*^ 
(for each n G N), en,m G (0, 1/m) (for each n,m E N) (by enumerating the countable 
family {en,m)n,m, we can successively choose the en,m in such a way that they are 
all different) and x^^^ G v4^„,„ with ^(x^^ „) | > e""^, Vn,m G N. Choose 

Xs G arbitrary, if e ^ {Bn,m : n, m G N} is sufficiently small (A^ 7^ for small 
e since A 7^ 0). Then x = [(x£)e] G A (moderateness is guaranteed since {As)e is 
sharply bounded). By hypothesis, there exists G N such that for each a G N*^, 
\d°'u{x)\ < . This contradicts the fact that for a fixed n > N, limm^oo ^n,m = 
and \d''"u,^^^{xe„J\ > e""^, Vm G N. 

<^=: clear. □ 

Proposition 3.18. Let A C R'^ and u = [ius)e] e GiA). Let u{A) = {u{x) : x G 
A} CB CC. Letv= [{ve)s] e g{B) . Then v o u := [{ve o Us)s] G ^(A) . 

Proo/. By definition, {v,oUe)e G C~(M'^). For each a G N'^ and [(xj^] G A, (^"^^(xj)^ G 
A^c- As [(^^(xe))^] G u{A) C 5, also (^"^^(^^(xe)))^ G A/lc- The moderateness- 
conditions follow inductively by the chain rule. Similarly, one sees that the definition 
does not depend on the representative of v. Independence of the representative of 
u: the estimates for 0-th order derivatives follow as in [HI Prop. 1.2.6] by corollary 
13.51 (applied to a singleton). Since Q{A),Q{B) are closed under partial derivatives, 
the chain rule reduces the estimates for the higher order derivatives to the 0-th order 
ones. □ 

Proposition 3.19. Let 7^ A C 6e internal and sharply bounded. Let u = [{u^),,] G 
g{A). The following are equivalent for a sharply bounded representative (^4^)^ of A: 

1. there exists v G Q{A) such that uv = 1 

2. for each x E A, u{x) is invertible in C 

3. (350 G (0, 1)) (3n G N) (V5 < £0) (inf.eA,+." |m,(x)| > e'^). 



8 



Proof. (1) =^ (2): for x E A, u{x)v{x) = 1 in C. 

(2) =^ (3): supposing that the conclusion is not true, we find a decreasing sequence 
(£^n)nGN tending to and x^^ G + and \ue„{xsj\ < for each n G N. Let 
Xe G As, for small e ^ {e„ : n G N}. As (^£)£ is sharply bounded, x := [(xe)^] G A, 
but is not invertible in C by [8l Thm. 1.2.38]. 

(3) =^ (1): using a cut-off function, we find G C'^(]R'^) with Vs{x) = u^ix)''^, for 
X G As + e^~^^ and e < ^o- Since each d°'Vs{x) is a linear combination (with coefficients 
indep. of e) of Yl^ d^Us{x) /u^"^'^^ (x) (finite products) for x G A^ + e""*""^ and e < Eq, 
V := [(fe)e] G ^(A). As ■U£(x)fe(x) — 1 = 0, for each x & A^ + e"'~^^ and e < Eq, we have 

= 1 in g{A). □ 

Corollary 3.20. Let f2 = [J„gp^v4„ 7^ 0, where (A„)„gN o?^ increasing sequence 
of internal subsets of M.'^ such that An+i is a neighbourhood of An, for each n. Let 
u E Q {VL) . The following are equivalent: 

1. there exists v G Q{^) such that uv = 1 

2. for each x eVL, u{x) is invertible in C 

3. for each m G N, u\a^ G Q{Am) has a multiplicative inverse. 
Proof. (1) => (3): by restriction. 

(3) ^ (1): let Vm G G{Am) such that u\A^Vm = 1 in Q{Am), for each m. Then 
Vm ■ u\Am ■ Vm+i\Am ~ ^»"+i|A„ — '^m, for ^ach m. By proposition 13.131 there exists a 
unique v G with v\a^ = Vm, for each m G N. In particular, u{x)v{x) = 1, for 

each X E fl. Since Q is open, = 1 by proposition 13.61 

Since (1) -v^ (3), property (3) is independent of the choice of Am with Q = Um^m- 
As = [Jmi^rn H 5(0, p*")), (2) ^ (3) follows by proposition [3111 □ 



4 Analyticity on ^(C) 

Definition 4.1. Let A be an open subset ofC We let Qh{A) be the differential algebra 
consisting of those u G Q{A) with du = ^{d^ + idy)u = 0. Let A ^ B C C. We say 
that u G Q{B) is holomorphic in A iff u\a G Qh{A), i.e, iff du{z) = 0, for each z E A. 
For u G Qh{.A) and z E A, we write u'{z) = d^ui^z) = —idyu{z). Iterated derivatives 
are denoted by (k E N). 

Clearly, every polynomial with coefficients in C (i.e., every element of C[z]) belongs 
toGHiC). 

Lemma 4.2. For each e E (0, 1), let fi^ C M'^ be open, let N E N and let u^: — > 
B{0,e-^) C C be holomorphic. Let B C U^gnIII^ ^ ^ : d{zX\ ^e) > e'^})e] be 
open. Then u := [(Mg)^] G Qh{B). 

Proof. By lemma 13.111 it is sufficient to show that for each m. A; G N, there exists 
G N such that sup^j-^ c\^f^^)>£m |2|<£-m |-D*'''Ue(z) | < for small e. This follows 

by the Cauchy estimate |D'^Me(2;)| < supg^j-^ ^m+i) |Me(z) | for z G C with 

c/(2, C \ fie) > e™. ' □ 
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Remark. As in lemma 13.111 it is sufficient that Us satisfy: for each m G N, there 
exists N eN such that u^: {z e C : d{z, C\n,) > and \z\ < e"™} 5(0, e~^) is 
holomorphic. 

Lemma 4.3. Let C C 6e open. Let u G Qh{^)- 

1. Ifl/ue g{Q) exists, 1/u G gni^)- 

2. Let Q = [J^^-^An, where (v4„)„gN is an increasing sequence of internal subsets 
ofW^ such that v4„+i is a neighbourhood of An, for each n. If u{z) is invertible, 
for each 5 G f2, then 1/m G Qh{^)- 

Proof. (1) If -ut; = 1 and du = 0, then = d{uv) = u ■ dv. 

(2) By corollary 13.201 and part 1. □ 

Lemma 4.4. Let A<ZC and u = [{u^)e] G Gh{A). Let u{A) = {u{z) : z e A} C B. 
Let V = [{ve)e] e Qh{B). Then v o u := [{v^r o Ue)e] e Qh{A). 

Proof. By propositon 13.181 v o u E and for z E A, du{z) = dv{u{z)) = 0. Hence 
d{v o u){z) = dxv{u{z))dReu{z) + dyv{u{z))dlmu{z) = v'{u{z))du{z) = 0, for each 

z e A. □ 

Definition 4.5. Let Cp^([0, 1]) be the space of those u G C°([0, 1]) that are piecewise 
C^, provided with the norm maxjsup^gjQ \u{x) \ , sup2.gjQ ^ g We call a path 

in C an element o/^ci„([o,i])- 

So for a representative {■ye)e of a path 7, we have 7^ G Cp^([0, 1]), Ve, and the nets 
(suPte[o,i] \%{t)\)^ and (sup^gfo,!] a.e. Weit)\), 



are both moderate. Since 



l7.(t.)-7.(t^)l 



7:(t) rft 



<|t,-t;i sup WM 

tG[0,l] a.e 



generalized point values 7(t) are well-defined, for each t G [0, 1]"". On the other hand, 
if 7(t) = 7(t), for each i G [0, 1]"", then the paths 7,7 need not be equal (e.g., they 
can have different curve length). If A C C and 'j(t) G A, for each t G [0, 1]~, we call 7 
a path in A. 

Proposition 4.6. Let A C C, m G Q{A) and 7 a path in A. Then 

G C 



/ u{z) dz := 


i 1 Ue{z)dz) 


'1 


J -ye 



is well-defined (independent of representatives ofu and'y). Moreover, if'j, 7 are paths 
in A such that 7(t) = 7(t), for each t G [0, 1]~, then u{z) dz = J- u{z) dz. 
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Proof. Let 7 = [(7,),]. Since u G GiA) and [(7.([0, 1]))^] = Mi) : i e [0, 1]~} C A, 
corollary 13.51 implies that sup^g^^([o,i]) I'^el-^^)! ^ -^r- Hence (/^ Ue{z)dz)e G A^c- 
Independence of the representative of u follows similarly by proposition 13.71 
To prove independence of the representative of 7, we use an argument similar to 
Green's theorem. More generally, let 7 = [(7e)£] and 7 = [(7£)e] as in the statement of 
the theorem. Let e G (0, 1). Let [a^, he] C [0, 1] such that 7^, % G C^([ae, he])- Consider 
the homotopy He'. [0, 1] x [0, 1] ^ C: He{t, s) = -ie{t) + s(7,(t) - 7,(t)). As 

dt{{Ue O He) ■ d,He) - O He) ■ OtHe) 

= l{{{d. + ldy)Ue) O if,) ■ {dtH,,edsH2,e - dsHlAH2,e) , 

integration over [0,1]^ (via integration over different [ctejfee] x [0,1] and summation), 
yields 

/ Ue{z)dz- Ue{z)dz= / [(m, o if,) (t, s)^^-?/^ (t, s)]^=o cis 

J7e J-f, Jo 

II ((^x + ldy)Ue) (Heit, S)) ■ {dtH^AsH2,e - dsH^AtH2,e) (t, s) dt ds. 
J J[0,l]2 

Since u G Q{A) and 

[(ii,([0, 1]^)),] = {H{i, S) : t, 5 G [0, 1]^} = Mi) : i G [0, 1]~} C A, 

corollary 13.51 implies that sup^gj:^^Qo,i]2) \d°'Ue{z)\ G A^r, for each a G N'^. The moder- 
ateness of dfHe and the negligibility of dgHeit, s) = 7e(t) — 7e(t) then yield the required 
negligibility. □ 

Since Q{Q) = G{'^c) and a c-bounded (cf. [8], Def. 1.2.7]) path in f2 is a path in Qc, we 
immediately obtain the following corollary. 

Corollary 4.7. If u E Q{^) and 'j is a c-bounded path in fl, then J^u{z) dz is well- 
defined. 

Definition 4.8. Let Cp^([0, 1]^) be the space of those u G C°([0, 1]^) for which there 
exists a partition {aj)^^Q of [0, 1] with u G C^([aj_i,aj] x [aj__i,aj]), for i,j = 1, . . . , 
n, provided with the norm max{sup2.g[Q ^2 \u{x) \ , sup^g[o,i]2 a.e. /o'^ paths, 

one sees that for u G Qc^ ([o,!]^); generalized point values are well defined (for each 

(t,5)G([o,r)2;. 

Let 7, 7 be two closed (i.e., 7(0) = 7(1)^ paths in C. We call H G ^ci„([o,i]2) o 
homotopy between'^ and^ ifH{i,0) ='y{i), ii(t, 1) = 7(t), Vt G [0, 1]~ andH{0,s) = 
H{l,s), Vs G [0,1]'". H is called a homotopy in A C C if H{i,s) G A, for each 
t,SG [0,1]~. 

If each two closed paths in A are homotopic in A, we call A simply connected. 

Example 4.9. Let A ^ C be (pointwise) convex, i.e., for each zi,Z2 G A and t G 
[0, 1]~, tzi + (1 — t)z2 G A. Then A is simply connected. 

Proof. Let 7 = [(7£)e], 7 = [(%)£] are two closed paths in A, the homotopy defined by 
Heit, s) = 'jeit) + s{%(t) — ■jeit)) is a homotopy in A between 7 and 7. □ 
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Proposition 4.10. Let A (1 C be open, u G Qh{A) and 7, 7 two closed paths, homo- 
topic in A. Then 

uiz) dz = (p u(z) dz. 



Proof. Let H = [(-f^£)e] be the given homotopy in A between 7 and 7. As [(//^([O, l]^))^] C 
A and 9m = in G{A), proposition 13. 71 implies that sup2g/^^([o,i]2) |(9Me(2;)| is neghgible. 
As in proposition 14.61 (now using the given homotopies and integration for fixed e 
over each [ai_i,£, ai,^] x [aj-i^s, cij,e], and summation), we find {i^e)e ^ A/c such that for 
each e, 

/ Ui;{z) dz — / Ui;{z) dz = / Ue{z) dz — / Ui;{z) dz + u^, 

JSe 

where T^{t) = H,{t, 0), t,{t) = H,{t, 1), 5,{s) = H,{0, s) and 5,{s) = H,{1, s), Vt, s e 
[0,1] and e G (0, 1)__. Since/ :=j(r,),],/ := [(f,),], 5 := [{5,),] and ~5 := [(4),] are 
paths in A and V{t) = 7(t), r(t) = 7(t), = \/i,s G [0, 1]~, the statement 
follows by applying proposition I4.6[ □ 

Corollary 4.11. Let A C C be open and simply connected, u G Qh{A) and ■y a closed 
path in A. Then 

u{z) dz = 0. 



Proof. Since A is simply connected, there exists a homotopy between 7 and a constant 
path. The result follows by the previous proposition. □ 

Let X G M. We write x 3> iff x > and x invertible in M (i.e., |x| > p"^, for some 
m G N [8, Thm. 1.2.38]). Similarly, x>yiffy<xiffx-y>0. 

Proposition 4.12. Let r e M, r 0. Let a G C. Let A C C be open with {( e C : 
IC — a| < r} C A. For u G Qh{A), A; G N and 7 = dB{d,r) with positive orientation 
and 5 G C with |5 — a| ^ r, 

Proo/. Let z = [{Zs)e]- Let M G N such that \z - d\ < r - p^^ . For m > M, let 
A^ = {C e C:\C- z\> p™, IC - a| < r}. Since m(C) := (^4^+^ e fe(A„), for each 
m G N, we may perform the integration over 7^ := dB{z,p^) instead of 7 (for any 
m G N) by proposition 14.101 Let = 0. Since u G £m{,{z}), as in proposition 13.61 
there exists G N such that for sufficiently large m, sup|^_^^|<£m \ue{z) — Ue{z^)\ < 
e"^ sup|2_^^l<^m \z — Ze\ < e"""^. Hence 



1 / ^(0 



27ri L C 



C - 2; 



for each sufficiently large m. Let n = [(m^)^] and 7 = [(7£)e]. By differentiation under 
thejntegral. sign, ( /^^ ^ dC), e ^a/({C e C : |C-S| < r}), hence u{z) = ^J_^^J( 

in ^({C G C : IC — a| -C r}) by proposition 13.6( 3) . By definition of Q{{z}), this implies 
that all partial derivatives in the point z are equal. □ 
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Corollary 4.13. Lei r G M, r > 0. Let a e C. Let A C C be open with {( e C : 
\C ~ a\ < r} C A. Let u G Qh{A) and let z ^ C with \z — a\ <^ r. Then for each 
keN, \D^u{z)\ < A;!r~'' maX|^_-|^^ 

Proof. By the previous proposition, since for a = [(ag)^], r = [(re)^] and u = [{ue)s], 



max \u 



(01 = [(max K(C)|)J. 



\C-d\=r \C-aE\=r, 



□ 



Proposition 4.14 (Liouville's theorem). If u & Qh{C) is bounded (i.e., there exists 
C G M such that \u{z)\ < C , for each z G Cj, then u is a generalized constant. 

Proof. By corollary 14. 13^ u'{z) = 0, for each 5 G C. Hence = in ^(C). As in [HI 
Prop. 1.2.35], this implies that u is a generalized constant. □ 

Proposition 4.15. If u G Qh{'C) is of polynomial growth (i.e., there exist C G M and 
m G N such that \u{z) \ < C -\- C for each z & C), then u G C[2;]. 

Proof. Let i G C and n G N. Then by corollary 14.131 

< (m+ l)!p"(™+i) max |u(C)| 

|C-5|=p-" 



< (m + l)!p"(™+^)(C + C{\z\ + p-")") < p 



n-Af 

5 



for some M G N only depending on C, m and 5. As n G N arbitrary, D'^^^u{z) = 0. 
As 2 G C arbitrary, D"^~^^u = 0. Hence u G C[2;] (as in ^(C), u' = implies that u is 
a generalized constant, cf. [H Prop. 1.2.35]). □ 

Lemma 4.16. Let a„ G C, for each n E N. Then the sum X^^o*^"^" converges 
for each z E C with \z\^ < R and does not converge for each invertible 5 G C with 
\z~^\e < ^/R, where R = l/limsup^^^o \/KX ^ [0, +cx)]. Moreover, convergence is 
uniform over each ball {5 G C : \z\^ < r}, where r < R. 

Proof. Let r < r' < R. Let z G C with \z\^ < r. By the ultrapseudonorm property 
of the sharp norm, ^^q*^"^" converges iff lim^^oo On^" = (in the sharp topology). 
By definition of R, \/\an\^ < ^/r', as soon as n is large enough. Hence Ictn^^le ^ 

Let z E C invertible and l^^^l^ < 1/r < 1/R. By definition of R, there are infinitely 
many n eN such that \/|a^ > 1/t. Then |a„z"|g > jfln^^le '"^ l^""*"]" > l^nle^" > 
1 7^ as n ^ oo. □ 

We call R the convergence radius of the power series. 

Lemma 4.17. Let 7^ A C M*^ 5e internal and sharply bounded. Let (Ag)^ be a sharply 
bounded representative of A. Let u E ^{A). Then limsup|^|^o^ ^°^\d'^u{x)\^ < 1, 
WxEAzff 

(Vc G M+)(3iV G N)(Va G |a| > A^)( sup |(9"m,(x)| < e""!"!, for small e). 
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Proof. Supposing the conclusion is not true, we find c G M+, On G N'^ with 
|ttn| > (for each n G N), en,m ^ (0, 1/m) (for each n, m G N) (by enumerating the 
countable family {en,m)n,m, we can successively choose the en,m in such a way that 
they are all different) and x^^^ G A^^^ with „(xe„ | > e™,!""', Vn, m G N. 

Choose Xe G arbitrary, if e ^ {£n,m : n, m G N} is sufficiently small (A^ 7^ for 
small £ since A 7^ 0). Then x = [(xg)^] G A (moderateness is guaranteed since (Ae)£ is 
sharply bounded). By hypothesis, there exists N ^ N such that for each a G N'^ with 
|a| > N, \d"u{x)\ < p""^!"!. This contradicts the fact that for a fixed n > N, > A^, 

lim^^oo^n.m = and |9""Me„_„(x£„_,„) | > eZm'"\ G N. 

clear. □ 

Proposition 4.18. Let Zq E A {^z E 'C : \z — Zq\^ < 1} and let A he open and 
star-shaped around zq (i.e., for each z E A and t G [0, tz + {1 — t)zo G A). 
Let u G Q{A) with limsup|„|^o^ ^"^\d'^u{z)\^ < I, ^z e A and du{zo) = 0. Then 
'"(^) = Yl'^=o ^ (^ ~ ^0)"; for each z G A and u has a representative consisting of 
polynomials in C[z] (in particular, u G Qh{A)). 

Proof. We may suppose that = (consider the translated generalized function 
v{z) = u{z + zq)). Let a G M"*". Then \D'^u{0)\^ < e"", for large n. Hence we can find 
a„ G M with a„ ^ and representatives {cn,e)e of -D"m(0) with \cn,e\ < e"""", Ve. Let 
'i^eiz) = ^^Iq ^-^"5 fo^ each e G (0, 1), where lime^o^^e = 00. Let a G As there 
exists G N such that for each n > N, an ^ a/2, we find for each /c G N, 



sup \D''wJz)\ < sup V — ^— < e-'''' y + e-'"' V e""/^ 

— ' '— n=k n<N n=N 

^ p~ka \ ^ {a-a„)n , ^ ^ - 



-ka-M 



n<N 



for some M G N not depending on k and for small £. As a G M"*" is arbitrary, w G ^(A) 
and limsup|Q,|^oo ' Ay|9"w(5)|j, < 1, V5 G A. Further, D^^Wei^) = Cfc^^, for small e, hence 
D^w{<d) = D''u{0), for each k e N. Since (9^ + iaj;)n(0) = {d^ + idy)w{0) = 0, also 
d'^wiO) = 9"M(0),Jor each a G N^. 

Let / = M- w G QiA). Then (9"/(0) = 0, Va G and limsup|„,^^ '"^WPlL < 1. 

G A. Let 2 = [(-Ze)^] G A. Then there exists a G M"*" such that l^^l < e"", for small 
e. Since [({t^e : t G [0, l])e] = {t5 : t G [0, 1]'"} C A is internal and sharply bounded, 
lemma 11.171 implies that for each a G N*^, sup^gjoi] l^^"/e(^-2e)| ^ for small e. 

By the Taylor expansion up to order m (in two real variables). 



a(m+l)/2-l 



\fs{zs)\ <u,+ \z,r^' V sup \dys{tz,)\ < e 

for small e and for some {i'e)e ^ A/r. As m G N arbitrary and a > 0, /(i) = 0, i.e., 
u{z) = w{z). By proposition 13. 6t (we)£ is a representative of u. 

By lemma I4.16[ the convergence radius of the power series ^^^f^-^" least 
equal to 1, hence the Taylor expansion of u around zq converges for each z & A. Fix 
z E A. Let Om '■= Yln=o ^ n'f^ ^" ^ ^ couvergeucc of (am)meN (in 
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the sharp topology), one easily shows that there exist Em G (0, 1) with linim^oo = 
such that 6^ := a^.e, for e^+i < ^ ^ defines a representative {bs)e of lim^^ooam- 
If we choose well the representatives of a^, (fee)^ = ( ^^^=0 ^^")£ '^ith Cn,e and 
as before. Hence J2'^=o ^ n\^'^ ^" ~ □ 

E.g., if M e Q°°{A), then limsup|„|^^ < 1, V5 G A. 

Proposition 4.19. Le^ r G M, r > 0. Le^ 5o G C. Let zq ^ A (Z {z : \z - zq\^ < 
r} and let A he open and star-shaped around zq (i.e., for each z & A and t G [0, 
iz + (1 — i)zQ E A). Let u G Q{A). Suppose that for each z E A, there exists 
N e N such that for each a G < pl"|inr-JV ^ q rj.^^^ 

^(^) — X]^^o ^ if""* ^ ^o)**; /or eac/i z G A and u has a representative consisting of 
polynomials in Cf^;] (in particular, u G Qh{A)). 

Proof. As in proposition I4.18[ we may suppose that Zq = 0. Let u = [{ue)e] and let 
Ve{z) = Ueie-^'^'^z), for each e. Then v = [{ve)e] e Qip^'^'A), with {0} G C 
{5 G C : \z\^ < 1} star-shaped around 0. Further, d°'v{z) = p^'"' for each 
z G p^'^'A and a G N^. Hence v G ^°°(p^'"'A) and 5w(0) = 0. The assertion follows by 
applying proposition 14.181 □ 

Theorem 4.20. Let zq E C and r E IR+. Let A = {z E C : \z - zq]^ < r}. The 
following are equivalent: 

1- UE GuiA) 



2. uE Q{A), limsupi^i^^ ^°i^\d'^u{z)\^ <l/r,\fz E A and du{zo) = 

3. u: A C: u{z) = X]^o'^"(^ ~ ^o)"; for some an E C 

4- u E Q{A) has a representative consisting of polynomials (e C-lz]). 

Proof. We may suppose that zq = and r = 1 (consider w{z) := u{zo + p~^^^z)). 

(1) (2): let z G A and a G M, a > 0. Then B{z, p") C A. By coroll ary Egl fo r each 
k E \D''u{z)\ < klp-"^ max^^_-^^^a\u{C)\. Hence limsup„^^ ^|D"n(z)|^ < e", 
Va > 0. 

(2) (3): by proposition |4181 

(3) => (4): let c G R, c > 0. By lemma SlSl limsup^^o^ a/K4 ^ ^- Hence |a„|g < 
gwc^ for large n. Hence we can find c„ G M with c„ — and representatives (ari,e)e of 
a„ with |a„^e| < e~^'^", We. Let = ^™=o'^".e^"' ^ -'-)' where lime^o'^e = oo. 
Let c G M, c > 0. As there exists N E N such that for each n > N, Cn < c/2, we find 
for k eN, 

1^1-*^ n<N ^ ' n>N ^ ' n<N ^ ' ^ > 

for small e. As c > is arbitrary, {ve)e £ ^m{,Al) by corollary 13.51 

Let V = [{ve)e] £ S{A). Let c G M, c > 0. Let m G N sufficiently large. Similarly, 



sup 

|2|<e= 



n<m n>m 
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for small e. As c > is arbitrary, v{z) = u{z), for each z ^ A. 

(4) ^ (1): clear. □ 

The example u{z) = Xl^oP"'^^" shows that the conditions of the previous proposi- 
tion may be fulfilled for u G Q{A) \ Q°°{A) (in the case r = 1). 

Corollary 4.21. The following are equivalent: 

2. ue giC), limsup ^"^y\d'^u{z)l = 0,^2 EC and du%) = 0, for some Zq E C 

|a|— >oo 

3. for each z E C, u: C ^ C: u{z) = Yl'^=o '^nZ^ , for some a„ G C 
4- u E ^(C) has a representative consisting of polynomials (e C[z\). 

Proof. (3) ^ (4): as in the proof of proposition 14.201 now with c„ — >■ —oo. 

The other implications follow directly from proposition I4.20[ □ 

Example 4.22. Let u{z) = ^z'^- Then u E GniC) \ C[z] is the unique element 

ofGniC) with D''u{0) = for each A; G N. 

Definition 4.23. Let A C C. Then zq is a strict accumulation point of A if for each 
r E M^, there exists z E A such that z — Zq is invertible and \z — Zo\^ < r. 

Theorem 4.24. Let zq E C and r E M+. Let A = {z E C : \z - zq\^ < r} and 
u E Qh{A). Then the following are equivalent: 

1. Zq is a strict accumulation point of generalized zeroes of u 

2. D''u{zq) = 0, for each k eN 

3. u = (m g{A)). 

Proof. (1) ^ (2): by the sharp continuity of m, ^(^o) = 0. By theorem 14.201 u{z) = 
{z — Zq) an{z — ^q)""^, for cach z E A (with a„ = D"'u{zo)/n\, Wn). Let ui{z) : = 
^^^a„(5 — Zo)"'~^. By lemma H.16[ this series converges for each z E A, hence 
theorem 14.201 implies that Ui E Qh{A). Then Zq is also a strict accumulation point 
of generalized zeroes of Ui. By the sharp continuity of ui, Ui{zq) = ai = u'{zq) = 0. 
Inductively, one finds D''u{zo) = 0, for each k eN. 

(2) ^ (3): by theorem 11201 u{z) = '£n=o ^-^(^ - ^oT = 0, for each 2 E A. 

(3) (1): trivial. □ 

The conditions in the previous theorem, however, do not imply that m = on the 
'boundary of the convergence disc', as is shown by the example (cf. |9]) Ue{z) = 
for each e E (0, 1), defining u E GniC) with u{z) = iff 5 ^ 0. 

Proposition 4.25 (Analytic representatives). Let A be a sharply bounded, internal 
subset of C with a sharply bounded representative (Ae)e. Let B 'O C be an open set 
that contains an internal sharp neighbourhood of A, and u E Qh{B). Then u has a 
representative {ui;)^ with analytic on A,,, for each e. 
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Proof. Let m e N such that u e Qh{{z G C : (3C G A){\z - C| < P™)}) (such m exists 
by lemma [3.121) . For each e G (0, 1), + ^ C C is compact. Hence we can cover 
+ ^ by an open set consisting of a finite union of open squares of diameter 
e™/2. Thus doje is a polygon. Given a representative (Me)^ of u (with G C°^(C), for 
each e), we can define fe(2;) := Ue{z)(l — Xe{.z)) + /^^ d^, where Xe ^ C°°(C) 
with X£(z) = 1, for each z E + ^ and Xe{z) = 0, for each z E C \ {A^ + and 
(Xe)e G £^Af(C). Then Vs is analytic on A^. Further, by the Cauchy-Green theorem, 



Xe{z) 

2m 



dC 



dC 



n 



dx dy 



defines a negligible net, since 



sup 



d'^iXeiz) 



dx dy 



< e "fi{uje) sup \due{z) 



/we\B(z,£™-+1) C ~ Z 

which is negligible by proposition 13.71 and the fact that u G QH{[{^^e)e])- Also, 



sup 

zee 



go 



-Ma 



2m 



dC 



sup 



-,fe<|a|+l 



< 

MO 
(C - zy 



sup \Ue[Z)\, 



hence {ve)e G £m{B). Again by the Cauchy-Green theorem, 

1 /• «.(C) 



sup \Ue — Ve\ = SUp 



Xe{z)[Ue{z) 



< 



sup 



27ri J C- z 



dC 



C-z 



dx dy 



< {2n + /i(co'e)) sup |(9Me(2;)| 

zGoJe 



hence u = [(fe)e] by proposition 13.6( 3). 



□ 
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